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Abstract 

We show that a certain type of color magnetic condensation originating 
from magnetic monopole configurations is sufficient to provide the mass for 
off-diagonal gluons in the SU(2) Yang-Mills theory under the Cho-Faddeev- 
Niemi decomposition. We point out that the generated gluon mass can cure 
the instability of the Savvidy vacuum. In fact, such a novel type of magnetic 
condensation is shown to occur by calculating the effective potential. This en- 
ables us to explain the infrared Abelian dominance and monopole dominance 
by way of a non-Abelian Stokes theorem, which suggests the dual supercon- 
ductivity picture of quark confinement. Finally, we discuss the implication to 
the Faddeev-Skyrme model with knot soliton as a low-energy effective theory 
of Yang-Mills theory. 
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1 Introduction 



As a promising mechanism of quark confinement, dual superconductivity picture of 
QCD vacuum has been intensively investigated up to today since the early proposal in 
1970s p. The key ingredient of this picture is the existence of monopole condensation 
which causes the dual Meissner effect. As a result, the color electric flux between 
quark and antiquark is squeezed to form the string. Then the non-zero string tension 
plays the role of the proportional constant of the linear potential realizing quark 
confinement. For this picture to be true, the monopole condensed vacuum is expected 
to give more stable vacuum than the perturbative one. 

On the other hand, Savvidy j2j has argued based on the general theory of the 
renormalization group that the spontaneous generation of color magnetic field should 
occur in Yang-Mills theory. However, Nielsen and Olesen [Sj have shown immediately 
that the explicitly calculated effective potential for the magnetic field in the back- 
ground gauge has a pure imaginary part in addition to the real part which agrees with 
the prediction of the renormalization group equation. In other words, the Savvidy 
vacuum with magnetic condensation is unstable due to the existence of the tachyon 
mode corresponding to the lowest Landau level realized by the applied external color 
magnetic field. It should be remarked that the off-diagonal gluons were treated as if 
they were massless in these calculations. 

Now we recall that the infrared (IR) Abelian dominance [HE] and magnetic 
monopole dominance in the Maximal Abelian (MA) gauge were confirmed in 1990s by 
numerical simulations [Oj where the MA gauge is the same as the background gauge 
adopted in The infrared Abelian dominance [S] follows from non-zero mass of 
off-diagonal gluons, see [7JIH] for numerical simulations and 011011111112113 for ana- 
lytical studies. The off-diagonal gluon mass should be understood as the dynamical 
mass or the spontaneously generated mass, since the original Yang-Mills Lagrangian 
does not include the mass term. If sufficiently large dynamical mass is generated for 
off-diagonal gluons to compensate for the tachyon mode due to spontaneously gener- 
ated magnetic field, therefore, the instability might disappear to recover the stability 
of the Savvidy vacuum. 

The main purpose of this paper is to clarify the physical origin of the dynamical 
mass for the off-diagonal gluons and thereby to obtain thorough understanding for the 
infrared Abelian dominance and monopole dominance. In this connection, we discuss 
how the above two pictures (dual superconductivity and magnetic condensation) are 
compatible with each other in the gauge-independent manner. This issue is also 
related to how to treat the IR divergence originating from the massless gluons and the 
tachyon mode corresponding to the lowest Landau level. In other words, we examine 
whether a self-consistent picture can be drawn among magnetic condensation, massive 
off-diagonal gluons, Abelian dominance, monopole dominance and stability of Savvidy 
vacuum (or disappearance of tachyon mode). 1 

In this paper we adopt as a technical ingredient the Cho-Faddeev-Niemi (CFN) 
decomposition ^BJE! to extract the topological configurations for the SU(2) Yang- 
Mills theory in the MA gauge. 

Recently, the instability of the Savvidy vacuum has been re-examined in 15 14 from different 
viewpoints. 
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2 Magnetic condensation and massive gluons 



2.1 Cho-Faddeev-Niemi decomposition 

We adopt the Cho-Faddeev-Niemi (CFN) decomposition for the non-Abelian gauge 
field |lfi[IT7j for extracting the topological configurations explicitly, such as magnetic 
monopoles (of Wu- Yang type) and multi-instantons (of Witten type). By introducing 
a three-component vector field n(x) with unit length, i.e., n(x) ■ n(x) = 1, in the 
SU(2) Yang- Mills theory, the non-Abelian gauge field ^(x) is decomposed as 

v M (*) 



sfp (x) = A M (g)n(g) + g 1 d fl n(x) x n(x) +X M (x) , ( 1 ) 

A M (as) B„(x) 

where we have used the notation: A M (x) := A fJi (x)n(x), B^(x) := g~ 1 d fJi n(x) x n(x) 
and V M (a;) := A M (x) +B At (x). By definition, A M is parallel to n, while B^ is orthogonal 
to n. We require X M to be orthogonal to n, i.e., n(x) ■ X /J (x) = 0. We call A At (x) 
the restricted potential, while X M (rr) is called the gauge- covariant potential and B M (x) 
can be identified with the non-Abelian magnetic potential as shown shortly. In the 
naive Abelian projection, 2 A (U (x) corresponds to the diagonal component, while X At (x) 
corresponds to the off-diagonal component, apart from the magnetic part M^x). 
Accordingly, the non-Abelian field strength ^^[x) is decomposed as 

^ := d^ u - d v stp + gs/p x < = + + /) M X, - A,X M + #X M x X„, (2) 

where we have introduced the covariant derivative, -D M [V] = := <9 M + gV^x, and 
defined the two kinds of Abelian field strength: 

=F llv n, := d^A u - d v A„ (3) 

=d^M u - + #B M xM u = -gM^ x B v = -g~\d^n x d v n). (4) 

Here HL^, is the magnetic field strength which is proportional to n and is rewritten 
in the form 

HW = H ^n, := -g~ x n ■ (d^n x d v n) = d^h u - d u h^ (5) 

since is shown to be locally closed and it can be exact locally with the Abelian 
magnetic potential h^. This is because H^ u represents the color magnetic field gen- 
erated by magnetic monopoles as follows. The parameterization of the unit vector 



nix 




/sin6>(x) cos^(x) 

sin 9(x) sin (p(x) | , (6) 
\ cos9(x) 



leads to the expression [THj 



n • (d^n x d u n) = wn.e{d,fid v ip - d^d u 8) = sm9 -^^r , (7) 



2 The naive Abelian projection corresponds to adopting the field n(x) uniform in spacetime, e.g., 
n(x) = (0,0, 1). Then V M (x) has the off-diagonal part V£(x) = B"(x)(a — 1,2) and the diagonal 
part V? (x) = A ll (x). See for details. 
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where af^'^L is the Jacobian of the transformation from the coordinates (x^, x u ) on 

Sp hy to Sf nt parameterized by (9,ip). Then the surface integral of H^ u over a closed 
surface is quantized in agreement with the Dirac quantization condition: 



Q m := j> 2 da jk g 1 n ■ (djti x d k n) 

phy 



g <b da jk sm 9——. — — = g <b sm 



^ 1 d(x^x k ) Isl t g ' 

where 5^ is a surface of a unit sphere with area An. Hence Q m gives a number of times 
~ SU{2)/U{\) is wrapped by a mapping from 5p fe to Sf nt . This fact is mathe- 
matically characterized as the non-trivial second Homotopy class, n 2 (S'£7(2)/?7(i)) = 
n 2 ( 1 S 2 ) = Z. The Abelian magnetic potential is given by = g~ l [co$9d IJi ip + d^xl 
with arbitrary \- See [IB] for more information. 

The original gauge transformation, = D n\sf\ii3 , is replaced by two sets of 

gauge transformations. 3 

Gauge transformation I: (passive or quantum gauge transformation) 

S^n =0, (9a) 
U^n.D,^, 5 u X lt = D lt [sf\w-n(n-D lt [jif\u), (9b) 
(=^1^ = 0, S u V lt = n{n-D lt [j^u)). (9c) 

Gauge transformation II: (active or background gauge transformation) 

5' w n =gn x u/, (10a) 
5' U A^ =n ■ d^', 5'^ = gX^ x ( 10b) 

(=►5^ = £UB]u/ - (n ■ M u>> <£V„ = D M [V]a;'). (10c) 

The gauge transformation II does not mix X M with the Abelian variables n and A^. 
The transformation law for the field strength can be obtained in the similar way. 



2.2 Magnetic condensation and mass of off-diagonal gluons 

The massiveness of the off-diagonal gluons implies the Abelian dominance [Sj. First, 
we show that the magnetic condensation defined below leads to the massive off- 
diagonal gluons at least in the MA gauge. Therefore, we argue that the Abelian 
dominance follows from the magnetic condensation. In the last stage we argue that 
this result is also consistent with the monopole dominance and monopole condensa- 
tion. 

By making use of the CFN decomposition, the (Euclidean) Yang-Mills Lagrangian 
is rewritten as 

S?ym ■■= =\{d^u - + gK x <f 

=i(F^ + + gX» x X,) 2 + i(£ M X„ - D u ^)\ (11) 

3 Note that the way of separating the original gauge transformation is unique as far as two 
conditions are preserved, i.e., n(x) ■ n(x) = 1 and n(x) ■ X M (x) = 0, see ^5] for more details. 
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where we have used a fact that F^, H^, gX p x X v , and hence ¥ pu + H Mi , + gX p x X v 
are all parallel to n, while D^K U — D u H p is orthogonal to n (which follows from the 
fact n ■ X p = 0). By collecting the terms in X p , the Lagrangian reads 

%ym =~(F Mi , + IV) 2 + lx M • W pi/ ■ X, + ^X p x X,) 2 , (12) 

where we have defined X p • W pu ■ X„ := X^W^X^ with 

:=2^n c [F p , + fl^] - (I^Vp p [V])^V + (L» M [V]^[V]) AB . (13) 
The second term of W AB is cast into the form, 

-(D P [Y]D P [Y]) AB = -dX B + g\V p c f5 AB - V A V p B ] - ^0 p V p ° - 2g^ BG Vfd p , 

(14) 

where 1/ A = (A p ) A + (B p ) A and (V/) 2 = V p • Y p = A p A p + B p • B p . We focus on the 
quadratic term in X p without derivatives, 

\g\V p c f5 AB -V A V B ]X A X B , (15) 

which can be diagonalized to yield the mass term for the off-diagonal gluons. There- 
fore, if the vacuum condensation 

(M p (x) -M p (x)) ^0 (16) 

occurs, then the off-diagonal gluons acquire the non-zero mass Mx given by 

M 2 = <7 2 (B,(x) ■ B p (x)> = ((d p n(x)f). (17) 

Note that B p -B p = (<9 p n) 2 has the gauge invariance I, while it does not have the gauge 
invariance II, but the minimum value of the spacetime average of B p (x) ■ B M (x), i.e., 
min^i Jq d^xW^ (x) -B^ (x) / f n d A x can have a definite non-zero value j20], see also [TT] . 
Hereafter, we call the condensation (B p • B p ) magnetic condensation for convenience. 
The magnetic potential B p is related to the magnetic monopole in the sense explained 
above. If such magnetic condensation takes place at all, it could be related to the 
(magnetic) monopole condensation. We postpone the relationship between magnetic 
condensation and (magnetic) monopole condensation to a subsequent paper [T§]. 4 

2.3 Two types of magnetic condensation 

Next, we discuss how such magnetic condensation can occur actually in gluodynamics. 
At first sight, such a situation looks very difficult to be realized, since the original 
Yang-Mills Lagrangian does not include the quartic polynomials in the field B p of the 

4 In this paper we do not consider the condensation (¥ p • V p ) = (A p A p ) + (M p ■ M p ) or ((A p + h p ) 2 ), 
paying special attention to the magnetic potential B p or h p alone. This is partly because the electric 
(photon) condensation (A p A p ) will be incompatible with the residual U(l) invariance, and partly 
because we can not obtain the final closed expression for the effective potential including the electric 
U(l) potential A p . 
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type (Bp ■ Bp) 2 , although the other type (Bp x B^) 2 is contained as a part of HI 2 ,, in 
the tree Lagrangian. 

We restrict our arguments to the Euclidean space. Then a mathematical identity 
for the SU (2) gauge potential, yields the lower bound on Bp • Bp, (Bp ■ Bp) — (Bp x 
1„) ■ (Bp x B„) = (Bp • ■ B„) > 0, i.e., 

^Bp-Bp> /ftxB^E || H5I|| , (18) 

where ||H|| := ■ and U^-U^ = (d„B„ - «9,Bp + gM^ x B,) 2 = (gM^xM,) 2 . 

Therefore, the magnetic condensation in question (gM p ■ B p ) ^ follows from the 
other magnetic condensation (||H||) = (y^gBp x B^) 2 ) ^ 0, since 

(gM p ■ Bp) > (y^Bp x B,) 2 ) = (||H||) ^ 0. (19) 

Thus, (gM p ■ Bp) and (||H||) are not independent. To obtain the definite value of 
(gM p ■ Bp), we need to know ((Bp • B„) 2 ) in addition to (||H||) which will be calculated 
below. 



2.4 Gauge invariance and BRST quantization 

The naive generating functional is given by {££f. source term) 

Z[J] = J VApVXpVn5(n ■ n - 1)5 (n • Xp)5( J Dp[V]Xp)e^^ ifyA/ ~^ ifj . (20) 

The measure VA^VH^Vn is shown to be invariant under the I, II gauge transforma- 
tions. 5 Two conditions n n — 1 = and n-Xp = are also invariant under the gauge 
transformations I and II. The additional condition x := -D/jVjX^. = is covariant 
under the gauge transformation II, i.e., 6 u ,'{D fl \y]X li ) = g(D fl \V\%. fl ) x o/, while it 
is neither invariant nor covariant under the gauge transformation I. Then it can be 
identified with the gauge fixing (GF) condition for the off-diagonal part perpendicular 
to n (generalized differential MA gauge) according to since n ■ .Dp[V]Xp = 0. In 
fact, it is obtained by minimizing / d 4 x|Xp ■ Xp w.r.t. the gauge transformation I: 

= 8 U f Jx M • X M = - / u ■ DplVjXp. (21) 

Jx Z Jx 

We can define two sets of BRST transformations <5, <5' corresponding to gauge 
transformations I, II by introducing the Nakanishi-Lautrup (NL) auxiliary fields N, N' 
and the Faddeev-Popov (FP) ghost C, C and antighost fields C, C', respectively. The 
BRST transformations defined in this way are shown to be nilpotent 55 = = 5'5'. 
We can obtain the two FP ghost terms S£pp and J£"pp for the MA GF condition, 

Z[J) = J VCVCVNVC'VCVN' J £>Xp / Vn5(n ■ n - l)5(n ■ Xp) / VA p 

x e~ L^ ym+ -^ gf + fp+ ^'gf+fp\-L^' j (22) 



5 For the integral measure for the CFN variables to be completely equivalent to the standard 

measure of the gauge theory, it is necessary j2J to add a determinant Ag := det |^ . However, 

" x=o 

the determinant does not influence the one- loop result, see |21l28j . and it is neglected in the following. 
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where (apart from the GF + FP term for the parallel part) 



Sf GF+FP = -iS{C-D lt \y\X ti ) 

=N ■ £> M [V]X„ + iC ■ D^V]D^]C + g 2 {iC ■ (n x X„))((n x X M ) ■ C), 
•^gf+fp = ~ iS'(C' ■ £> M [V]X M ) = N' • ^[VJX^ + z<7<C' ■ (^[V]X M x C). (23) 



In this framework, it is not difficult to show [TJ)] that the effective action written 
in terms of n and is obtained in the one-loop level by integrating out X M and the 
other fields as 



Z[J] = J Vn5(n ■ n - 1) J VA^ Seff , (24a) 

Seff=J x \w,u + H^] 2 + ~ lndet{(Q)^} - lndet{- J D M [V]^[V]} 

+ ilndet{ J D M [V](Q- 1 ) /1 ^[V]} + • • • , (24b) 
[Q]^ B := - (£> P [V]£> P [V]) AB V + ge ABC n c K^, K, u := 2(F^ + H, u ). (24c) 

It is possible ^H] to show in the similar way to ^31122] that the coupling constant in 
this framework of the Yang-Mills theory under the CFN decomposition obeys exactly 
the same beta function as the original Yang-Mills theory, although this issue has 
already been discussed based on the momentum shell integration of the Wilsonian 
renormalization group |23| . 



2.5 Calculation of magnetic condensation via effective po- 
tential 

Now we proceed to estimate the logarithmic determinants to obtain the effective 
potential. However, only in the pure magnetic case, i.e., K 0i = 0,Kij ^ {F^ u = 
0, H^ u 7^ 0), we can obtain a closed form for the effective potential of the (spacetime- 
independent constant) field K^ v . 

In case of massless gluons, the eigenvalue A n of the operator (Q) M1/ is given by 
2^||H||(n+3/2),2^||H||(n-l/2),2^||H||(n+l/2),2^||H||(n+l/2) with n = 0, 1, 2, • ■ ■ , 
corresponding to two transverse physical modes and two unphysical (longitudinal and 
scalar) modes respectively. The contribution from two unphysical gluon modes are 
cancelled by that from the ghost and antighost, since the operator —D^}D IM \V] has 
exactly the same eigenvalues. Only the two physical modes contribute to the mode 
sum J2 n e~ XnT in the heat kernel method as 

V- -2g||H||(n+3/2)r , V- -2 5 ||H||(n-l/2)r = _^ , __E (oe\ 

£*L ^ " l_ e -2 fl ||H||T ^ l_ e -2 ff ||H||T' 

and hence the logarithmic determinants are calculated as 

^lndet{(Q)^} - lndet{-D M [Vp M [V]} + ~ lndet{£)„[V](Q- 1 )^£) I/ [V]} 



d A x-—:\im^-£— drr s ~ 2 2g\\U\\ 
4tt 2 »-o ds T (s Wo y " 11 



(4tt 



e -3 S ||H||r 



1 _ e -2 fl ||H||r I _ g 



+ 



(26) 
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Then the effective potential V(||H||) for ||H|| := 



a/2 



is obtained as 



V(||H||) = ±||H|| 



16n 



;9 



In 



9_M 
» 2 



pure imaginary part, 



(27) 



where bo = y. The origin of the pure imaginary part in (}2Tj) is the last term in (|23|) 
and (|26jh corresponding to the lowest Landau level n — 0, which does not decrease for 
large r leading to the infrared divergence at r = oo, whereas the ultraviolet divergence 
at t = can be handled by isolating the s = pole a la dimensional regularization. 
The real part of the effective potential has a minimum at ||HI|| = ||H||o away from 
the origin. Neglecting the pure imaginary part, therefore, the magnetic condensation 
occurs at the minimum of the effective potential, 



IHI 



|H||o := fJ^e 1 exp 



W 2 



(28) 



2.6 Recovering the stability of the Savvidy vacuum 

The appearance of the pure imaginary part due to a tachyon mode is easily understood 
as follows. The formal Gaussian integration over the off-diagonal gluons leads to 

/ DX„e-^ QX " = - 7 =L= = e -^ det « (29) 

where the determinant is given as the product of all the eigenvalues, det Q = n^Lo - 
A tachyon mode Ao < makes the det Q negative, since the other eigenvalues are 
positive. Hence, the logarithm produces the pure imaginary part. 

Once the dynamical mass generation occurs through the magnetic condensation, 
the eigenvalues are shifted upward by M|, i.e, A — > A + M\. Especially, the lowest 
tachyon mode — <7||H|| < is modified to — + M\. If M\ is large enough so 
that M\ > g\\M\\, the tachyon mode is removed, i.e., — g\\M.\\ + M\ > 0, and all 
the eigenvalues of Q become positive. The effective potential can be calculated by 
summing up the modes with positive eigenvalues alone as in the massless case. Thus 
the infrared divergence disappears and the pure imaginary part is eliminated in the 
effective potential, if the ratio r := M|-/(<7||H||) is greater than one, r > 1. 

Even when the off-diagonal gluons are massive, we can see that the effective poten- 
tial V(||Er||) still has a nontrivial minimum in ||H||, although the location ||H||' of the 
minimum could change, ||H||q 7^ ||H||o. This is because the existence of the nontrivial 
minimum originates from the asymptotic freedom, i.e., positivity of the coefficient 
b = 22/3 of the quantum correction part V(||H||) — ^||IH|| 2 in the one- loop effec- 
tive potential V(||H||) where — b agrees with the first coefficient of the /^-function, 

6 This one- loop calculation agrees with the result [El- An attempt going beyond the one-loop 
will be given in a subsequent paper ^l- The result l|27|l is apparently the same as the old result 
obtained by Nielsen and Olesen |3] in which it is assumed that the external magnetic field H12 has 
the specific direction in color space and the magnitude is uniform in space-time from the beginning. 
In the present derivation using the CFN decomposition, the direction n(x) of the color magnetic 
field Wpvlx) = H^ v {x)n{x) can be chosen arbitrary at every spacetime point x, and the Lorcntz 
and color rotation symmetry is not broken. Moreover, this formalism enables us to specify the 
physical origin of magnetic condensation as arising from the magnetic monopolc through the relation, 
Hfiu(x) := -g^ 1 n(x) ■ (d^n(x) x d v n(xj). 
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= j^2 9 3 + 0{g b ). In the massive case, it is shown that b is modified into 
b' = — 8[2£(— 1, (3 + r)/2) + r] > bo, depending only on the ratio r, where £(z, A) 
is the generalized Riemann zeta function. Since 6' is positive for arbitrary value of 
r > 0, the effective potential VdlHH) still has a nontrivial minimum at ||H|| = ||EI|| 
without the pure imaginary part for r > 1. (Of course, the constant c is also changed 
and hence the location of the minimum ||H||q could change, but it does not affect the 
existence of the minimum.) In fact, the bound r > 1, i.e., M\ > g\\M.\\' Q follows from 
the identification dHj) and the inequality flB), M\ = g 2 \\Ml \\ > g\\M\\' Q , provided that 
the expectation value (||H||) is given by the minimum ||H||q of the one-loop effective 
potential for massive gluons. (A possible zero mode will be discussed in |T§].) 

The mass generation for off-diagonal gluons due to magnetic condensation modifies 
the energy mode, 

yffi - g\\m\\' -> yffi + M\ - gM^ > y^J. (30) 

Thus, the tachyon mode is removed and the instability of the Savvidy vacuum no 
longer exists. 

2.7 Another view through the change of variables 

Another view is obtained for the effective potential of the magnetic component as 
shown below. We apply the Faddeev-Niemi decomposition jSUEHj to the magnetic 
potential B A1 (x) where we introduce the two complex scalar fields ipi,ip2 £ C and 
a tweibein e a {x)(a = 1,2) with e^(x)e^(x) = 5 ab to parameterize the plane of a 
four-dimensional space in which the two vector fields and B 2 lie: 

V2B+ :=Bl + iBl = + # 2 e;, (31) 

where e M = -j= (e^ + ie 2 l ) is the complex combination satisfying • e M = 0, e M • e* = 1 

(e* ■ e* = 0). By making use of this decomposition, two magnetic variables are 
rewritten as 

H 2 /g 2 = {e ah B;B b v f =i[|^| 2 - |^ 2 | 2 ] 2 = \x 2 Y 2 , (32) 

BlBl=\^\ 2 + \^ 2 \ 2 = \(X 2 + Y 2 ), (33) 

where we have defined X := \ipi\ + |^2|, Y := \ipi\ — j^l- The effective potential 
V(||H||) is drawn as function of new variables X,Y or \ip2\ in Fig- d The circle 
(cylinder) intersects with the four hyperbolae if the radius exceeds the minimal value, 
\{X 2 + Y 2 ) > VX 2 Y 2 = \XY\, i.e., g 2 (B«B«) > V2^(||H||>, see Fig. □ Thus 
the result of the one-loop calculation is consistent with the non-vanishing vacuum 
condensation (gM p ■ M p ) ^ 0. 

This mechanism of providing the mass for the gauge boson (off-diagonal gluons) 
is very similar to the Higgs mechanics of providing the mass for the gauge parti- 
cles through the non-vanishing vacuum expectation value (VEV) of the scalar field 
0o = (0) 7^ which is obtained as the location O of the absolute minimum of the 
Higgs potential V(<j)). However, the tree potential has no non-trivial minima and the 
potential has non-trivial minima only through the radiative corrections based on the 
Coleman- Weinberg mechanism |26j . 



Figure 1: Effective potential V as functions of \ipi\ = ^(\X\ + \Y\) and \ip2\ = ^(\X\ _ 
\Y\). (a) Classical case V(||EI||) = |||EI|| 2 : all the minima are on the two lines X = 
or Y = 0, (b) Quantum case (one-loop level): all the minima lie in the four hyperbolae 
XY = ±y/2(\\W\)/g forming the flat directions. 



2.8 Wilson loop and Abelian dominance 

In order to show quark confinement, we need to calculate the Wilson loop average 
(Wc , [= g ^])- The non- Abelian Wilson loop operator Wc[s^} for a closed loop C is 
defined as the trace of the path-ordered product of the exponential of the line 
integral of the gauge potential along the closed loop C: 



WcW] := tr 



(34) 



A version of the non-Abelian Stokes theorem [231211 for SU(2) and [2H] for SU(N) 
allows us to rewrite the Wilson loop into the surface integral over the surface S with 
the boundary C: 

W C [J*\ = I dfi S (n) exp (4 / da^G^) , (35) 

J I 2 J S:dS=C ) 

Gp,{x) =d^[n(x) ■ K(x)} - d u [n(x) ■ ^{x)\ - -n(x) ■ [^n(x) x d v n(x)], (36) 
where we have used the adjoint orbit representation 



n(x) = n A {x)T A = U\x)T 3 U{x), (37) 

and d^s{ n ) is the product of the invariant measure on SU(2)/U(1), dfi(n(x)) = 
^^-5(n(x) ■ n(x) — l)d 3 n(x), over the surface S with J characterizing the repre- 
sentation of SU(2) group, J = 1/2, 1, 3/2, • • ■ . Under the gauge transformation, n 
transforms in the adjoint representation, n(x) — > W(x)n(x)U(x). Then G^ has the 
manifestly gauge invariant form, G^ u (x) = n(x) ■ JP^ u (x) — ~n(x) ■ [D^n(x) x D v n(x)], 
with the covariant derivative := + g^/^x. In the CFN decomposition, G^ is 
identified with 

G^ u = F^ u + H^, (38) 
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and the Wilson loop is rewritten in terms of the Abelian components composed of A p 
and n. If there are no string singularities in A p := n- srf^ (say the photon part), then 
the magnetic monopole current defined by k p := d u *G py reduces to k p := d u *H pu 
where k p obeys the topological conservation law d^k^ = and is not the Noether 
current. It is obvious that G pv has the same form as the 't Hooft-Polyakov tensor 
under the identification n (x) <-» <f> A (x) := <f> A (x) /\<f>(x)\. Thus the Wilson loop is the 
probe of the magnetic monopole. 

These results suggest that the massive fields X M are redundant for large loop C 
(decouple in the long distance) and the infrared Abelian dominance in the Wilson 
loop average is justified to hold. Thus we obtain a consistent scenario of Abelian 
dominance and monopole dominance for quark confinement [T9*] . 

2.9 Faddeev-Skyrme model and knot soliton 

It is important to remark that the off- diagonal gluon condensation [T^j in the present 
framework 

(X p • X p ) = 2A 2 ^ 0, (39) 

yields the mass term for the field B p : 

^ 2 A 2 B M -B M = A 2 (<V*) 2 , (40) 

in view of (jl5|) . Therefore, the off-diagonal gluon condensation yields the Faddeev- 
Skyrme model with knot solitons, 7 

% = A 2 (c» 2 + l -\n ■ (d,n x d v n)} 2 . (41) 

However, the systematic derivation of the off-diagonal gluon condensation is still 
lacking. 8 The claim M% = 9 2 {^>^(x)-M fJi (x)) = ((<9 M n(x)) 2 ) ^ is also very suggestive 
for the existence of the Faddeev-Skyrme model. 

3 Conclusion and discussion 

We have applied the Cho-Faddeev-Niemi decomposition to the SU(2) Yang-Mills the- 
ory and performed the BRST quantization. First, we have pointed out that the 
magnetic condensation, {gM p ■ M p ) ^ 0, can provide the mass for the off-diagonal 
gluons. Therefore the existence of the magnetic condensation enables us to explain 
the infrared Abelian dominance which has been confirmed by numerical simulations 
in the last decade as a key concept for understanding the dual superconductivity. 

7 Thc Faddccv-Skyrmc model with knot soliton has been derived in the static limit from the SU(2) 
Yang-Mills theory in the MA gauge, if ((A* ) 2 + {A 2 ^ ) 2 ) = A 2 ^ 0, based on intricate arguments. We 
do not need the procedure for taking the static limit. 

8 Aftcr submitting this paper for publication, an analytic derivation of the off-diagonal mass has 
appeared in the modified MA gauge |18U29| , see [201 ■ It is desirable to extend the calculation to the 
present framework. 
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Second, the magnetic condensation in question can occur if the other magnetic 
condensation takes place, i.e., {^J (gM p x B^) 2 ) 7^ 0, based on a simple mathematical 
identity. 

Third, we have explicitly calculated the effective potential of the color magnetic 
field ||H|| := J (gM p x Bj,) 2 in one-loop level. The resulting effective potential has a 
non-zero absolute minimum supporting the magnetic condensation (gM p ■ B p ) ^ 0. 
We have applied the change of variables to visualize the potential just as the Higgs 
potential of the scalar field, apart from the Savvidy instability. 

Note that the magnetic condensation is not exactly equivalent to the monopole 
condensation. Yet, two condensations are intimately connected to each other. In fact, 
a scenario for the off-diagonal gluons to acquire their mass for realizing the monopole 
condensation has already been demonstrated in [H2] where the physical origin of 
the off-diagonal gluon mass was not specified. Therefore, monopole condensation as 
the origin of dual superconductivity follows from the magnetic condensation (gM p ■ 
M p ) 0, if we regard the resulting massiveness of the off-diagonal gluons. As the 
magnetic condensation is sufficient to provide the mass for off-diagonal gluons, the 
magnetic condensation and monopole condensation can give a self-consistent picture 
for supporting the dual superconductivity. 

However, the existence of the pure imaginary part in the effective potential V(||H||) 
was a signal of the Savvidy instability which was discovered by Nielsen and Olesen 
jS]. In this paper we have shown that the mass generation for off-diagonal gluons 
due to magnetic condensation modifies the calculation of the effective potential and 
eliminates the pure imaginary part corresponding to the tachyon mode. Thus, the 
mass generation for off-diagonal gluons due to magnetic condensation recover the 
stability of the Savvidy vacuum. 

To go beyond the one- loop calculation presented in this paper, we can introduce 
the antisymmetric auxiliary tensor field B^ as in and include its condensation 
as an independent degrees of freedom to search for the true vacuum. This is also 
necessary to discuss the confining string Extension of the magnetic conden- 

sation to SU(3) is also indispensable to discuss the realistic world. These issues will 
be tackled in a subsequent paper [TH] . 
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